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ABSTRACT

This paper presents new models for all recursive enumerable languages. These models
are based on multigenerative grammar systems that simultaneously generate several strings in
a parallel way. The components of these models are context-free grammars, working in a
leftmost way. The rewritten nonterminals are determined by a finite set of nonterminal
sequences.

1 INTRODUCTION

The formal language theory has recently intensively investigated various grammar
systems, which consist of several cooperating components, usually represented by grammars.
Although this variaty is extremely broad, all these grammar systems always makes a
derivation that generates a single string. In this paper, however, we introduce grammar
systems that simultaneously generate several strings, which are subsequently composed in a
single string by some common string operation, such as concatenation.

More precisely, for a posisitive integer n, an N-generative grammar system discussed in
this paper works with n context-free grammatical components in a leftmost way—that is, in
every derivation step, each of these components rewrites the leftmost nonterminal occurring
in its current sentetial form. These n leftmost derivations are controled n-tuples of
nonterminals or rules. Under a control like this, the grammar system generates n strings, out
of which the strings that belong to the generated language are made by some basic operations.
Specifically, these operations include union, concatenation and a selection of the string
generated by the first component.

2 DEFINITIONS

Definition 2.1: An n-multigenerative nonterminal-synchronized grammar system (n-MGN) is
an n+1 tuple,
I'=(G,G,, ..., GpQ),

where Gj = (N;, Ti, P, S) is a context-free grammar for each i =1, ..., n, and Q is a finite set



of n-tuples of the form (A, A, ..., An), where Aj € N foralli=1,....,n. LetI'=(Gy, G, ...,
Gp, Q) be an n-MGN. Then, a sentential n-form of n-MGN is an n-tuple of the form y = (X,
X2, ..., Xn), where x; € (N; U Tj) foralli=1, ..., n. Let x = (A1, UAaVa, ..., UpAgVy) and %
= (U1X1V1, UaXaVa, ..., UnXnVy) be two sentential n-form, where Aj € N;, U; € Ti*, and vi, X; € (N;
U Ti)* foralli=1,...,n. Let Ai > xi e Piforalli=1, ...,nand (A}, Ay, ..., Ay) € Q. Then ¥
directly derives ¥ in I', denoted by y = % . In the standard way, we generalize = to =X k>
0,=", and ="

The n-language of T', n-L(T"), is defined as
n-L(I) = {(W1, Wa, ..., Wn): (S1, Sa, ..., Sn) = (Wi, Wa, ..., Wn),Wje T; foralli=1,...,n}.
The language generated by I' in the union mode, Lynion(I), is defined as
Lunion(I') = {w: (Wi, Wa, ..., W) € n-L(I), w e{wi:i=1,...,n}}.
The language generated by I" in the concatenation mode, Leonc(I), is defined as
Leone(I) = {WiWa...Wn: (W1, Wa, ..., Wn) € N-L(I")}

The language generated by I" in the first mode, List(I'), is defined as

Lsirst(T) = {wy: (Wi, Wa, ..., Wn) € Nn-L(I)}

Example: I'= (Gl, Gz, Q), where G; = ({Sl, A]}, {a, b, C}, {Sl —> aSl, S| - aAl, A - bAlC,
A] —> bC}, Sl), Gz = ({Sz, Az}, {d}, {Sz —> SzAz, Sz —> Az, Az —> d}, Sz), Q = {(S], A]), (Sz, Az)}
is a 2-multigenerative nonterminal-synchronized grammar system. Notice that 2-L(I') =
{@""c", d"): n > 1}, Lunion(D) = {@"b"c™: n > 1} U {d" n > 1}, Leone(T) = {@"b"c"d™: n > 1},
and Lrs(I) = {@"b"c™: n > 1}.

Definition 2.2: An n-multigenerative rule-synchronized grammar system (n-MGR) is n+1
tuple

I'=(G1, Gy, ..., Gy, Q),

where Gj = (N;, T, Pi, Si) is a context-free grammar for each i =1, ..., n, and Q is a finite set
of n-tuples of the form (pi, Pz, ..., Pn), Where p; € P; for all i =1, ..., n. A sentential n-form
for n-MGR is defined as the sentential n-form for an n-MGN. Let I' = (G, G, ..., G,, Q) be
an n-MGR. Let X = (U1A1V1, UzAsz, cees UnAnVn) and z = (U]X]V], UxXoVa, ..., UanVn) are two
sentential n-form, where Aj € Ni, U;j € Ti*, and Vi, Xj € (Nj U Ti)* foralli=1, ..., n. Let pi: Aj
—Xj e Piforalli=1,...,nand (p1, P2, ..., Pn) € Q. Then y directly derives ¥ in I', denoted
by ¥ = % . An n-language for any n-MGR is defined as the n-language for any n-MGN, and a

language generated by n-MGN in the X mode, for each X € {union, conc, first}, is defined as
the language generated by n-MGR in the X mode.

Example: T" = (G, G,, Q), where G; = ({S1, A}, {a, b, ¢}, {1: S; > aS;, 2: S; —» aA, 3: A,
—> bA1C, 4: A —> bC}, Sl), G, = ({Sz}, {d}, {1: S, = 8282, 2: S, > Sz, 3:S5 - d}, Sz), Q =
{1, 1), (2, 2), (3, 3), (4, 3)}, is 2-multigenerative rule-synchronized grammar system. Notice
that 2-L(T") = {(@"0"c", d"): n > 1}, Lynion(l) = {@"™0"c": n > 1} U {d": n > 1}, Leone(I) =
{a"n"c"d"™: n > 1}, and Lgir(T) = {@"0"c™: n > 1}.



3 RESULTS

Algorithm 3.1: Conversion of n-MGN to n-MGR
e Input: n-MGNT = (G, G, ..., Gy, Q)
e Output: n-MGR T =(Gy, Gy, ..., Gp, Q ); n-L(I") =n-L(T)
e Method:
Let Gi=(N;, T, P;, Si) forall i =1, ..., n, then:

Q={Ai > X, AA>X, ... An > Xp): Ai> Xj € Piforalli=1, ...,n, and
(AL A, ...,A) eQ}

Algorithm 3.2: Conversion of n-MGR to n-MGN
e Input: n-MGR T =(Gy, Gy, ..., Gy, Q)
e Output: -MGN T =(G,,G,, ..., G,, Q); n-L(I") =n-L(T)
e Method:
Let Gi=(N;, Ti, P;, Sj) foralli=1, ..., n, then:
G =(N,, T, P,Syforalli=1,...,n, where:
N, = {<A,x>: A—>x e Pi} U {Si},
P ={<Ax>—>y:A>xeP,yeriX)}uiSi—>y:ye S},

where 7 1s a substitution from N; U T to N, U T; defined as:

n(a) = {a} forall a € Ti; 5(A) = {<A,x>: A —> X € P;} forall A € N;.

Q = {(<AL X>, <Ay, x>, ..., <An, Xp>: (A1 = X, A > Xo, ..., An > X)) € Q} U

{(S1,S2, ..., Sn)}

Claim 3.3: Let I" be any n-MGN, let I’ be any n-MGR and let n-L(I") = n-L(T"). Then, Lx(I")
= Lx(T), for each X e {union, conc, first}.

Proof:

I. We pI'OVe that Lunion(r) = Lunion(F): Lunion(r) = {W: (Wl, WZ, ey Wn) S n'L(F), S {W|: i =
I, ...n}}={w: (W, Wy, ...,Wp) € n-L(T),w e{wi:i=1,....,n}} = Lunion(T ).

II. We pI‘OVG that Lconc(r) = Lconc(r): Lconc(r) = {WlWZ...Wn: (Wl, WZ, Y Wn) S n'L(F)} =
{WiW7.. . Wp: (W1, Wa, ..., Wp) € N-L(T)} = Leone(T).

II1. We prove that Lirs((T') = Lirst(T ): Lsirst(T) = {Wy: (Wi, Wa, ..., Wy) € n-L(D)} = {w;: (wy,
Wa, ..., Wq) € N-L(T )} = Leirst(T).



Corollary 3.4: The class of languages generated by n-MGN in the X mode, where X € {union,
cong, first} is equivalent with the class of language generated by n-MGR in the X mode.

Proof: This corollary follows from Algorithm 3.1, Algorithm 3.2 and Claim 3.3.

Theorem 3.5: For every recursive enumerable language L over an alphabet T there exist a 2-
MGR,T'=((N,, T, P,S)),(N,, T, P,, S,), Q) such that:

1) L={w: (S, S)=" (W, w)},

2) {W]Wzl (Sl, Sz) :>* (Wl, Wz), Wi, W € T*, Wi # Wz}> = .

Theorem 3.6: For every recursive enumerable language L over an alphabet T there exist a 2-
MGR, I = (G, G2, Q) such that: Lynion(T") = L.
Proof: By the Theorem 3.5 holds: For every recursive enumerable language L over an

alphabet T there exist a 2-MGR, T = ((N}, T, P1, S1), (N2, T, P2, S), Q) such that L = {w: (S,
Sz) :>* (W, W)} and {W]ng (S], Sz) :>* (W], Wz), Wi, Wy € T*, W, # Wz} =,

Let ' = T'. Then, Lunion() = {W: (S1, S2) = (Wi, Wo), Wi e T fori=1,2,we {w:i=1,2}}
={W: (S, $) = (W, w),we T U {w: (S,S) =" (W, Wo),wije T fori=1,2,we {wi=
L2, wi=wy} = {w: (S, S) = (W, w),we TIud={w: (S,S)= wW,w),we T }=L

Theorem 3.7: For every recursive enumerable language L over an alphabet T there exist a 2-
MGR, I" = (G, G, Q) such that: Lgs(I') = L.

Proof: By the Theorem 3.5 holds: For every recursive enumerable language L over an
alphabet T there exist a 2-MGR, T' = ((Ny, T, P, Sy), (N2, T, P2, S;), Q) such that L = {w: (S,
S2) =" (W, W)} and {wiwa: (S1, S2) = (Wi, Wa), Wi, Wo € T , Wy # Wy} = &,

Let I =T . Then, Lir(D) = {Wy: (S, $) = (Wi, Wo), Wi e T fori=1,2} = {w: (S, ) =
(W, W), we T} U {w: (S, S2) = (Wi, W), wie T fori=1,2, w =W} = {w: (S, S2) = (W,
W, weTYu@={w:(S,S) = (W,w),weT}=L

Theorem 3.8: For every recursive enumerable language L over an alphabet T there exist a 2-
MGR, I' = (G, G, Q) such that: Leone(I') = L.

Proof: By the Theorem 3.5 holds: For every recursive enumerable language L over an
alphabet T there exist a 2-MGR, T = ((Ny, T, Py, S1), (N2, T, P2, S), Q) such that: L = {w: (S;,
Sz) :>* (W, W)} and {W]ng (S], Sz) :>* (W], Wz), Wi, Wy € T*, W, # Wz} =.

Let Gy =(N;, T, Py, S)), Go = (No, @, P,, S2), where P, = {A — g(X): A — X € P,}, where g is
a homomorphism from (N, U T) to N, defined as: For all X € N,: g(X) = X, for all X € T: g(X)
=¢. We prove that L¢on(I') = L.

I. We prove that L < Leone(I'): Let w € L. Then, there exists a sequence of derivation in
T (S1,S)) = (w, w), thus, there exist a sequence of derivations in I' (S;, Sy) =" (W, g(w)).
Because g(a) = ¢ for all a e T, then g(w) = € for all w € T . Thus, there exists a sequence of
derivations (S, S;) =" (W, €) in I". Hence, We =W € Lconc(ID).



II. We prove that Leone(I') < L: Let W € Leone(T'). Then, there exist a sequence of

derivations (S;, S;) = (W, €) in T, because G, derives only empty string (or nothing). g(x) = ¢
for all x e T, so there exists a sequence of derivation in T of the form: (S, S,) =" (W, X),
where X is any string. Theorem 3.5 implies that X = w, thus: (S, S») =" (W, w). Thus, w € L.

4 CONCLUSION

Let L(2-MGNy) and L(2-MGRx) denote the language families defined by 2-MGN in the

X mode and 2-MGR in the X mode, respectively, where X € {union, conc, first}, let L(RE)

denote the family of recursive enumerable languages. From the previous results, we obtain
L(RE) = L(IMGNx) = L(MGRy).
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